We prove that the class of Banach function lattices in which all relatively weakly compact sets are equi-integrable sets (i.e. spaces satisfying the Dunford-Pettis criterion) coincides with the class of 1-disjointly homogeneous Banach lattices. A new examples of such spaces are provided. Furthermore, it is shown that Dunford-Pettis criterion is equivalent to de la Valleé Poussin criterion in all rearrangement invariant spaces on the interval. Finally, the results are applied to characterize weakly compact pointwise multipliers between Banach function lattices.
Introduction
It is a classical question, whether one can describe all weakly compact sets in a given nonreflexive Banach space. The most well-known result in this direction is the Dunford-Pettis theorem, which says that relatively weakly compact sets in L 1 [0, 1] are exactly the so-called equi-integrable sets (sometimes called uniformly-integrable) -see [16, pp. 376-378 ] (see also [1, Theorem 5.2.9] , [13, Theorem 5.2.9] and [17, Corollary 11, p. 294] ). This theorem has found many applications in analysis as well in probability theory. Therefore, not surprisingly that much attention was paid to deciding whether such kind of result can be extended to other separable non-reflexive Banach function spaces.
In fact, it is independently interesting that Orlicz [34] was the first who proved a theorem in this direction and he did so four years before Dunford and Pettis. Namely, in 1936 he proved that in the Orlicz space L ϕ [0, 1] relatively weakly compact sets are exactly L ϕ -equi-integrable sets, provided the function ϕ is an N -function satisfying ∆ 2 and if the complementary function ϕ * to ϕ satisfies the condition (1.1) lim u→∞ ϕ * (2u) ϕ * (u) = ∞.
These Orlicz spaces L ϕ [0, 1] in a certain sense resemble the L 1 -spaces but the assumption of being N -function exclude L 1 [0, 1] space from Orlicz considerations. In 1978, Luxemburg [29] recalled Orlicz's result on relatively weakly compact sets in Orlicz spaces which at that time has not received the attention it deserves. Later on, in 1994, Alexopoulos proved once again the Orlicz result, but he assumed a slightly weaker condition than (1.1). Namely, he showed (cf. [2, Corollary 2.9]) that if an N -function ϕ ∈ ∆ ∞ 2 and its complementary function ϕ * satisfies (1.2) lim u→∞ ϕ * (λu) ϕ * (u) = ∞ for some λ > 1, 1 then a bounded set K ⊂ L ϕ is relatively weakly compact if and only if K is L ϕ -equi-integrable. The property (1.2) appears to be crucial in the sequel, thus we say that an Orlicz function ϕ satisfies the ∆ 0 -condition and we write ϕ ∈ ∆ 0 if for some λ > 1
Since Orlicz spaces are members of the wide class of Banach function lattices, a natural question arises, in which Banach function lattices does the analogous characteristics of relatively weakly compact sets remains valid? Such spaces are said to satisfy the Dunford-Pettis criterion, according to [9] . Quite recently, in 2008, the question was completely answered for rearrangement invariant space on [0, 1]. Namely, Astashkin, Kalton and Sukochev in [9, Theorem 5.5] proved that a rearrangement invariant space on [0, 1] satisfies the Dunford-Pettis criterion if and only if it has the property (W m), i.e. convergence in measure together with weak convergence implies convergence in the norm. Their method is based on techniques attributes to rearrangement invariant spaces and descriptions of weakly compact sets in such spaces from paper [14] .
Very recently Astashkin in [6, Theorem 3.4 ] found yet another characterization of rearrangement invariant spaces on [0, 1] satisfying the Dunford-Pettis criterion. Namely, he proved that this class coincides with the class of 1-disjointly homogeneous spaces (cf. also [6, Theorem 3.3] and [20, Proposition 4.9] ). There is also result that 1-disjointly homogeneous lattices are the same as the lattices with the positive Schur property (see [39, Theorem 7] and [20, Proposition 4.9] ).
In the paper we extend Astashkin's characterization to the whole class of separable Banach function lattices (not only rearrangement invariant spaces) over arbitrary nonatomic measure space. Namely, our main result says that a separable Banach function lattice satisfies the Dunford-Pettis criterion if and only if it is 1-disjointly homogeneous space. Our method is quite elementary and different than the one in [6] .
The paper is organized as follows. In the next section we provide necessary definitions and discuss the notion of X-equi-integrable sets. The third section contains the main results. Firstly, we show that in Banach function spaces X-equi-integrable sets are not only relatively weakly compact, but even Banach-Saks sets. Next, we compare de la Vallée Poussin condition with Xequi-integrability and show that those two notions are equivalent in the class of rearrangement invariant spaces on [0, 1], while de la Vallée Poussin condition cannot be extended to spaces on [0, ∞). This section is finished by the proof of the main result -Theorem 7. In the fourth section we give new examples of 1-disjointly homogeneous rearrangement invariant spaces on [0, ∞). Moreover, we are able to characterize all 1-disjointly homogeneous Orlicz spaces on [0, ∞) in quite a constructive way (compare with another characterization from [20, Theorem 5.1] ). In the fifth section we comment the condition (1.2) on Orlicz function and give a number of examples. Finally, in the last section we apply previous results to discuss weak compactness of pointwise multipliers.
Notation and preliminaries
2.1. Banach function lattices. Let (Ω, Σ, µ) be a σ-finite, complete and nonatomic measure space. As usual, L 0 = L 0 (Ω) is the space of all (equivalence classes of) real-valued Σ-measurable functions defined on Ω. A Banach space X ⊂ L 0 is said to be a Banach function lattice if:
(i) f ∈ L 0 , g ∈ X and |f | ≤ |g| a.e. on Ω implies that f ∈ X and f ≤ g , (ii) X has a weak unit, i.e. an element f ∈ X such that f (t) > 0 for a.e. t ∈ Ω.
A Banach function lattice X is said to satisfy the Fatou property if for each sequence (f n ) ⊂ X satisfying f n ↑ f µ-a.e. on Ω and sup n∈N f n X < ∞, there holds f ∈ X and f X ≤ sup n f n X .
An element f ∈ X is said to be order continuous if for any sequence (f n ) ⊂ X with 0 ≤ f n ≤ |f | and f n → 0 µ-a.e. on Ω there holds f n X → 0. By X a we denote the subspace of all order continuous elements of X. A Banach function space X is called order continuous (we write X ∈ (OC) for short) if X a = X. It will be used few times in the sequel that f ∈ X a if and only if f χ An X → 0 for any sequence (A n ) satisfying A n ↓ ∅, where A n ↓ ∅ means that (A n ) is decreasing sequence of measurable sets with the intersection of measure zero (see [11, Proposition 3.5, p. 15] ). The subspace X a is always closed in X (see [11, Th. 3.8, p. 16] ).
with equal sets they norms must be equivalent. An important class of Banach function lattices constitute rearrangement invariant spaces.
for λ ≥ 0. We say that two functions f, g ∈ L 0 (I) are equimeasurable when they have the same distribution functions, i.e. d f ≡ d y . Then a Banach function lattice X on I is called rearrangement invariant (or symmetric) if for two given equimeasurable functions f, g ∈ L 0 (I) with f ∈ X there holds g ∈ X and f X = g X . In particular,
for t ≥ 0. For more information on rearrangement invariant spaces we refer to books [11] , [23] and [27] .
If not specified otherwise, we will understand that all general Banach function lattices are defined on an arbitrary σ-finite, complete and nonatomic measure space (Ω, Σ, µ), while all rearrangement invariant spaces are on I = [0, 1] or I = [0, ∞) with the Lebesgue measure m. Property of coerciveness of ϕ exclude the case of ϕ(u) = au, but ensures that the conjugate function has finite values. For an Orlicz function ϕ the conjugate function ϕ * is defined by
Then ϕ * is finite-valued if and only if ϕ is coercive. Moreover, if ϕ is an N-function then ϕ * is also an N-function. To avoid pathologies through the paper, we will understand that all Orlicz functions are coercive. We say that an Orlicz function ϕ satisfies the ∆ 2 -condition for large u (or at infinity) and we write ϕ ∈ ∆ ∞ 2 if lim sup u→∞ ϕ(2u) ϕ(u) < ∞ or, equivalently, there exist constants C > 1 and u 0 ≥ 0 such that
If condition (2.2) holds with u 0 = 0, then we say that an Orlicz function ϕ satisfies the ∆ 2condition for all u and we write ϕ ∈ ∆ a 2 . Further definitions, properties and results about Orlicz's functions or N-functions are taken from the books [22] , [31] and [36] .
The Orlicz space L ϕ = L ϕ (Ω) on a σ-finite complete nonatomic measure space (Ω, µ) is the space of all f ∈ L 0 (Ω) satisfying I ϕ (λf ) < ∞ for some λ = λ(f ) > 0, where the modular I ϕ is given by
This space is a Banach function lattice with the Luxemburg-Nakano norm defined as
For Ω = I with the Lebesgue measure m, the Orlicz space L ϕ (I) is a rearrangement-invariant space with the Fatou property (see [11] and [23] ).
2.3.
Equi-integrable sets. Let us recall that, classically, a bounded subset
i.e., lim m(A)→0 sup f ∈K A |f | dm = 0. This notion generalizes easily to an arbitrary Banach function lattice on a finite measure space -it is enough to replace the norm · 1 by an abstract norm · X . However, it is not the right definition when we wish to deal with an infinite measure spaces as well. Therefore, we define X-equi-integrable sets in a slightly different way.
Let X be a Banach function lattice and K ⊂ X be a bounded set. We say that a set K is X-equi-integrable (or K has equi-absolutely continuous norms in X) if for each sequence of
The following trivial lemma ensures that in case of finite measure our definition of X-equiintegrability coincides with another ones. Lemma 1. Let X be a Banach function lattice on a finite measure space (Ω, µ) and let K ⊂ X. The following statements are equivalent:
It is enough to take A n = ∞ k=n B k , to see that (iii) does not hold. In the sequel we will need the following technical lemma generalizing Lemma 2.6 from [2] . Lemma 2. Let X be an order continuous Banach function lattice on a measure space (Ω, µ). If a bounded set K ⊂ X is not X-equi-integrable, then there exists a sequence (f n ) ⊂ K, a number ε > 0 and a sequence of disjoint measurable sets (A n ), A n ⊂ Ω such that for every n ∈ N f n χ An X > ε.
Proof. When K ⊂ X is not X-equi-integrable then for some ε > 0 there exist a sequence of sets (B n ), B n ↓ ∅, and a sequence (f n ) ⊂ K such that f n χ Bn X ≥ ε.
Choose n 1 = 1. Since f n 1 ∈ X a = X we can find n 2 such big that
We proceed in the same way with n 2 in place of n 1 . In consequence, we get a sequence (n k ) such that sets A k = B n k \ B n k+1 and functions f n k satisfy the thesis with ε := ε/2.
It is known [32, Proposition 3.6.5.] that in any Banach lattice X every X-equi-integrable set is relatively weakly compact (see [32] for notion of X-equi-integrable sets in abstract lattices). The question is whether the opposite implication also holds, or rather, in which spaces the opposite implication also holds. Following [9] we will say that a Banach function lattice X satisfies the Dunford-Pettis criterion when each relatively weakly compact set in X is X-equi-integrable.
Trivially, none of L p with 1 < p < ∞ satisfies the Dunford-Pettis criterion. Moreover, it cannot hold also in any Banach function lattice which is not order continuous (take just
2.4. 1-disjointly homogeneous spaces and the positive Schur property. Let X be a Banach function lattice. We say that X is 1-disjointly homogeneous space (1-DH for short) if every normalized sequence (f n ) ⊂ X of disjointly supported functions has a subsequence (f n k ) equivalent to the ℓ 1 -basis, i.e. there exists a constant c > 0 such that for every a = (a k ) ∈ ℓ 1
Evidently, if we required only that the sequence ( f n X ) is just bounded from above and from below, we would get the equivalent definition.
1-disjointly homogeneous spaces and, more generally, p-disjointly homogeneous spaces (1 ≤ p < ∞), have been intensively investigated during the last decade -see [5, 7, 19, 20, 21] .
Examples of 1-DH Banach lattices are: the Orlicz spaces L ϕ [0, 1] when ϕ ∈ ∆ ∞ 2 and ϕ * ∈ ∆ 0 (cf. [26] , see also [19] ) and the Lorentz spaces Λ w [0, 1] with the norms
where w is a positive, nonincreasing function on (0, 1], such that lim
Let us also mention that Banach lattices being 1-DH have previously been considered under a different approach. Wnuk [38] started to investigate the positive Schur property: a Banach lattice X has the positive Schur property if every weakly null sequence with positive terms is norm convergent, see also [38, 39] . It follows from, e.g. [32, Corollary 2.3.5] that it is suffices to verify this condition for disjoint sequences. Using Rosenthal's l 1 -theorem, Wnuk proved in [39, Theorem 7 ] that a Banach lattice X is 1-DH if and only if X has the positive Schur property (see also [20, Proposition 4.9] and [35, Proposition 1.2] ). Note that the positive Schur property (as well as 1-DH) is not preserved by isomorpisms (see [39, p. 18]) . Surprisingly, in [8] , it was proved that in the case of rearrangement invariant spaces on [0, 1] the situation is completely different (see [8, Theorem 5 and Corollary 2]).
Weakly compact sets in Banach function lattices
As we mentioned in the previous section, each X-equi-integrable set is relatively weakly compact even in abstract lattices. For subsets of Banach function lattices we can prove more, i.e. that each equi-integrable set is also a Banach-Saks set. In the case of Orlicz spaces on [0, 1] such theorem was proved in [2] , while for order continuous rearrangement invariant spaces on [0, ∞) it is the statement of [15, Theorem 4.10] .
Recall, that given a Banach space X and a set K ⊂ X we call K the Banach-Saks set if for each sequence (f n ) ⊂ K there exists f ∈ X and a subsequence (f n k ) such that every further subsequence (f n k l ) has means norm converging to f , i.e. ( 1 n n l=1 f n k l ) converges to f in norm.
Note that each Banach-Saks set is relatively weakly compact (see, for example, [28, Proposition 2.3]).
Theorem 3. Let X be a Banach function lattice with the Fatou property such that L 1 ∩L ∞ ⊂ X. If K ⊂ X is a bounded and X-equi-integrable set, then K is a Banach-Saks set in X.
Proof. Let K ⊂ X be an X-equi-integrable set and let (f n ) ⊂ K. By the Day-Lennard theorem (cf. [12, Theorem 3.1]) there exists a function f ∈ X and a subsequence (f n k ) such that for each further subsequence (f n k j )
as n → ∞. Firstly, we will show that f ∈ X a . Let h ∈ X ′ with h X ′ ≤ 1 and A ⊂ Ω be a measurable set. We have
Thus, by the Fatou property of X, f χ A X ≤ sup g∈K gχ A X for arbitrary A ⊂ Ω. Since K is X-equi-integrable set, we conclude that f ∈ X a . Let (f n k i ) be a subsequence of (f n k ). We will show that means of (f n k i ) are norm convergent to f . Denote
Let ε > 0 be arbitrary. Consider the sequence B n = k>n Ω k ↓ ∅ with n → ∞, where the sequence (Ω n ) comes from the definition of σ-finite measure space. By X-equi-integrability of K and order continuity of f there is i ∈ N such that whenever µ(A) < δ and A ⊂ B ′ . In consequence, also g n χ A X ≤ ε and g n χ B X ≤ ε, for each n ∈ N and each A like above. On the other hand, by the Egorov theorem there exists C ⊂ B ′ such that µ(B ′ \ C) ≤ δ and g n converges uniformly to f on C. Let N ∈ N be such
for n ≥ N , which finishes the proof.
While the Dunford-Pettis description of relatively weakly compact sets in terms of equiintegrability attracted considerable attention and the notion of equi-integrable sets found its conterparts in general function lattices, the alternative description by de la Vallée Poussin seems to be much less popular. On the other hand, some counterparts of de la Vallée Poussin theorem appear in the subject of strong embeddings of rearrangement invariant spaces (see, for example, [4, Lemma 4] and references therein). The following theorem shows that de la Vallée Poussin characterization works in all rearrangement invariant spaces on [0, 1].
Theorem 4. Let X be a rearrangement invariant space on I = [0, 1] such that X a = {0} and let a set K ⊂ X be bounded. The following statements are equivalent: when m(A) ≤ δ. Since X is rearrangement invariant space, thus X C ֒− → L 1 for some constant C ≥ 1 (cf. [11] or [23] ). By the Chebyshev inequality Let (A n ) be a sequence of measurable sets such that A n ↓ ∅. Since X a = {0}, we can choose N ∈ N such that f X (m(A n )) < ε γ 0 for n ≥ N . In consequence,
for n ≥ N . It means that K is X-equi-integrable set.
(iii) ⇒ (ii). Let ε > 0. By the assumption there exists u ε > 0 such that
(ii) ⇒ (iii). Let u 1 = 0. For each n ≥ 2 we can choose u n > 0 in such a way that
and u n+1 ≥ 2u n for each n ≥ 2. For u ≥ 0 define a function
Clearly, ϕ is an increasing convex function with ϕ(0) = 0. Let us explain that also lim u→∞ ϕ(u)
which means that ϕ(u) u ≥ n − 2 un u ≥ n − 2 and proves the claim. It remains to see that sup
and the proof is finished.
Remark 5. Observe that one cannot get similar characterization of X-equi-integrable sets in rearrangement invariant spaces on I = [0, ∞). Indeed, if ϕ > 0 is an arbitrary positive function defined on [0, ∞), then the set
It means that de la Vallée Poussin condition cannot imply equi-integrability in the case of infinite measure space.
To prove our main result we will need the following Rosenthal's type lemma (cf. [13, p. 82 ]) proved by Alexopoulos in [2, Lemma 2.7]. Lemma 6. Let X be a Banach space, (x n ) ⊂ X be a weakly null sequence and (x * n ) ⊂ X * be a weakly* null sequence. For every ε > 0 there exists an increasing sequence (k i ) ⊂ N such that j =i
Theorem 7. Let X be a Banach function lattice. Then X satisfies the Dunford-Pettis criterion if and only if X is 1-disjointly homogeneous.
Proof. Sufficiency. Assume that X is not 1-disjointly homogeneous, i.e. there exists a normalized sequence (f n ) ⊂ X of disjointly supported function without subsequence equivalent to the ℓ 1 basis. By the Roshental's ℓ 1 -theorem, the sequence (f n ) contains weakly Cauchy subsequence (f n k ). We will show that (f n k ) is weakly null. Suppose for a contradiction, that there exist g ∈ X ′ and a = 0 such that lim k→∞ Ω gf n k dµ = a.
supp(f n 2k ). Observe that evidently h = gχ A ∈ X ′ . We have lim k→∞ Ω hf n 2k dµ = a while Ω hf n 2k+1 dµ = 0, which means that the sequence ( Ω hf n k dµ) is not convergent. Thus, we arrived to the contradiction with (f n k ) being weakly Cauchy. Therefore, (f n k ) is weakly null and, in particular, the set K = {f n k } is weakly compact. The proof of sufficiency will be finished when we prove that K is not X-equi-integrable set. Let
Thus X does not satisfy the Dunford-Pettis criterion.
Necessity. Let K ⊂ X be an arbitrary relatively weakly compact set and assume it is not X-equi-integrable. One can choose (g m ) ⊂ K which is not X-equi-integrable. Since K is weakly compact there exists a subsequence (g mn ) converging weakly to some g ∈ X. Define f n = g mn − g.
Then (f n ) is weakly null. Moreover, it is also not X-equi-integrable set, since g ∈ X a = X. By Lemma 2 there exist ε > 0 and a sequence of disjoint measurable sets (A k ) such that for some subsequence (f n k ) of (f n ) f n k χ A k X > ε for each n ∈ N. Since X is 1-disjointly homogeneous there exists a further subsequence (f n k l χ A k l ) of (f n k χ A k ) equivalent to the ℓ 1 basis. Denote w l := f n k l χ A k l . We claim that there is h ∈ X ′ such that ∞ l=0 a l w l , h = ∞ l=0 a l for each a ∈ ℓ 1 . Indeed, let U = [w l ] be a closed span of (w l ) and T : U → ℓ 1 be an isomorphism transforming (w l ) into ℓ 1 basis, i.e. T (w l ) = e l , for l ∈ N. Let y * ∈ ℓ ∞ be such that a, y * = ∞ l=0 a l for each a ∈ ℓ 1 . Denote h * = T * y * ∈ U * . By the Hahn-Banach theorem there exists h ∈ X ′ = X * such that h |U = h * . Clearly ∞ l=0 a l w l , h = ∞ l=0 a l for each a ∈ ℓ 1 and the claim follows.
Denote h l = hχ A k l and observe that for each l ∈ N f n k l , h l = f n k l h l dµ = f n k l hχ A k l dµ = w l , h = 1.
Moreover, (h l ) is weak*-null sequence. Indeed, for each f ∈ X we have
since X is order continuous space, as is each 1-DH space. By Lemma 6 there exists an increasing sequence (l j ) ⊂ N such that for j ∈ N j =j f n k l j , h l i < 1 2 .
We have for each i ∈ N
However, (f n ) was weakly null, so we get a contradiction, which finishes the proof.
1-disjointly homogeneous spaces on [0, ∞)
The main known examples of 1-disjointly homogeneous spaces are Lorentz L p,1 spaces on I = [0, 1] (generated by the norm f X = 1 p I x 1/p−1 f * (x) dx for 1 < p < ∞) and Orlicz spaces L ϕ spaces on [0, 1], when ϕ ∈ ∆ ∞ 2 and its complementary function ϕ * satisfies condition (1.2). It seems however, that much less is known about such spaces on semiaxis. The following theorems provide such examples.
Proof. To simplify the notion let us denote E = (L p,1 ∩ L 1 )[0, ∞). Let (f n ) ⊂ (L p,1 ∩ L 1 )[0, ∞) be a normalized sequence of positive functions with disjoint supports. We need to consider two cases. 1 0 . Firstly, if there is δ > 0 such that f n 1 > δ for infinitely many n's, then composing these n's into a sequence (n k ) we have for each a = (a k ) ∈ l 1
2 0 . Otherwise f n 1 → 0 and thus f n p,1 = 1 for almost all n's. We may assume that actually f n p,1 = 1 for all n's. We claim that for each k ∈ N there is n ∈ N such that
Suppose for the moment that we have proved the claim. Then the claim together with f n p,1 = 1 imply that there is an increasing sequence (n k ) such that m({f n k > k}) → 0 when k → ∞ and f n k χ {fn k >k} p,1 ≥ 1/2 for each k.
Thus we can select another subsequence (n k i ) such that m({f n k i > k i }) < 1 2 i for each i. Define a new sequence (g i ) by g i (t) = [f n k i χ {fn k i >k i } ] * (t − 1/2 i ) for t ≥ 1/2 i and g i (t) = 0 otherwise. Notice that g i is equimeasurable with f n k i χ {fn k i >k i } for each i. Moreover, (g i ) is disjoint sequence and all supports of (g i ) fit into [0, 1], thus we may regard (g i ) as a subset of L p,1 [0, 1]. We have 1/2 ≤ g i p,1 ≤ 1 for each i. However, the space L p,1 [0, 1] is 1-disjointly homogeneous (cf. [18] and Subsection 2.4) and so there is subsequence of (g i ) which is equivalent to the l 1 basis. Without loss of generality we may assume that (g i ) itself is equivalent to the l 1 basis. Then there is η > 0 such that for each a = (a i ) ∈ l 1 we have
Thus it remains to prove the claim. Suppose (4.1) does not hold. This means there is k 0 such that for each n
for each n. Then
. This is f n 1 ≥ 1
, which contradicts f n 1 → 0 and the claim is proved.
Astashkin, Kalton and Sukochev [9] proved that order continuous Orlicz space L ϕ [0, 1] satisfies the Dunford-Pettis criterion if and only if complementary function ϕ * satisfies ∆ 0 condition, that is,
In case of Orlicz spaces on I = [0, ∞) it is in order to ask if the analogous theorem may be proved with (1.2) condition on ϕ * extended to small arguments. This is, if, analogously as for the finite measure space, the condition lim t→0 ϕ * (λt) ϕ * (t) = ∞ for some 0 < λ < 1 together with (4.4) is sufficient or necessary for L ϕ [0, ∞) to satisfy the Dunford-Pettis criterion.
However, it appears, that this is not the case and we have the following characterization of Orlicz spaces on [0, ∞) satisfying the Dunford-Pettis criterion. Notice that already another characterization of 1-DH Orlicz spaces on I = [0, ∞) was given in [20, Theorem 5.1] . It was, however, formulated in terms of C ϕ set, which is much more difficult to understand than simply saying that a respective function satisfies the condition ∆ 0 . Moreover, the proof of [20, Theorem 5.1] relies on the general construction of [33] , while our is quite elementary.
Theorem 9. The Orlicz space L ϕ [0, ∞) is 1-disjointly homogeneous if and only if ϕ ∈ ∆ 2 , ϕ * ∈ ∆ 0 and ϕ is equivalent to the linear function for small arguments, i.e. there are constants C, c, d, u 0 > 0 such that for each 0 < u < u 0 there holds
Proof. Sufficiency follows by an argument analogous to the one from previous theorem, since under our assumptions
The only difference appears when proving the claim (4.1) from the previous proof, thus we will provide a detailed argument only for the claim: if (f n ) ⊂ L ϕ [0, ∞) is a sequence of disjoint positive functions such that f n 1 → 0 and f n ϕ = 1, then for each k ∈ N there is n ∈ N such that
Assume it is not the case, this means there is k 0 such that for each n
The latter means that
Notice that convexity of ϕ implies
for each n and we arrived to contradiction with f n 1 → 0. Necessity of ϕ * ∈ ∆ 0 is evident by the Astashkin, Kalton and Sukochev [9, Proposition 5.8]. Also, each 1-DH space is separable, so ϕ ∈ ∆ 2 . To see that ϕ has to be equivalent to the linear function for small arguments it is enough to consider the following sequence
It is evident that each subsequence of (f n ) is equivalent (even equal) to the unit basis of Orlicz sequence space l ϕ . Thus l ϕ has to be equal to l 1 , which happen if and only if ϕ is equivalent to the identity function for small arguments.
The ∆ 0 -condition and examples
Let us recall that an Orlicz function ϕ satisfies the ∆ 0 -condition if for some λ > 1
Since it played the crucial role in the previous section, let us discuss this condition. First of all notice, that contrary to the ∆ ∞ 2 -condition, in the definition of ∆ 0 -condition one cannot equivalently assume that (5.3) holds for all λ > 1, as can be seen in [25, Example 7] . Furthermore, the ∆ 0 -condition may be seen as a strong negation of the ∆ ∞ 2 -condition. Going a slightly deeper into this analogy, if ϕ ∈ ∆ ∞ 2 then L ϕ contains a copy of l ∞ based on a sequence of disjointly supported functions, while if ϕ ∈ ∆ 0 then each normalized sequence of disjointly supported functions contains a subsequence that spans l ∞ (and this is how ∆ 0 -condition connects with 1-DH spaces by duality).
In addition to the previously mentioned papers, condition ϕ * ∈ ∆ 0 appears in the papers [3] , [10] , [24] and [37] .
The 
where M ∞ ϕ (t) = lim sup u→∞ ϕ(tu) ϕ(u) . The basic properties of these indices are:
More information on indices can be found in [23] , [30] and [31] .
Proposition 10. If ϕ ∈ ∆ 0 , then α ∞ ϕ = β ∞ ϕ = ∞ and α ∞ ϕ * = β ∞ ϕ * = 1.
Proof. If ϕ ∈ ∆ 0 , then ϕ / ∈ ∆ ∞ 2 and β ∞ ϕ = ∞. Hence, by (5.2), α ∞ ϕ * = 1. On the other hand, if ϕ ∈ ∆ 0 , then for any η > λ we have and so α ∞ ϕ = ∞, from which by (5.2) we get β ∞ ϕ * = 1. In particular, ϕ * ∈ ∆ ∞ 2 .
We do not know any example of an Orlicz function ϕ with α ϕ = β ϕ = ∞ and ϕ ∈ ∆ 0 . Let us therefore state the question: 
